Abstract: A general class of analytical solutions of the lattice Boltzmann equation is derived for two-dimensional, steady-state unidirectional ®ows. A subset of the solutions that veri es the corresponding Navier-Stokes equations is given. It is pointed out that this class includes, e.g., the Couette and the Poiseuille ®ow but not, e.g., the basic Kolmogorov ®ow. For steady-state non-unidirectional ®ows, rst and second order solutions of the lattice Boltzmann equation are derived. Practical consequences of the analysis are mentioned. Di¬erences between the technique applied here and those used in some earlier works are emphasized.
Introduction
The lattice Boltzmann method (LBM) is a relatively new and novel method in the¯eld of computational°uid dynamics (see for a review [1, 2] ). Due to some of its nice properties, such as easy implementation and parallelization, it has received considerable attention in the last couple of years.
Since LBM solves the incompressible Navier-Stokes equations (NSE) in the limit where the lattice spacing and the Mach number go to zero, LBM can be considered as a simpli¯ed dynamic system of the NSE. In certain cases the algorithmic simplicity of LBM meets analytical simplicity, and, as a consequence, it was proved quite soon [6] after Noble's numerical experiment [3] that the Couette and the Poiseuille°ow could be analytical solutions of the lattice Boltzmann equation (LBE) (accurate up to machine accuracy, independent of the lattice spacing).
Although analytical solutions may highlight some of the underlying properties of the method, this issue was addressed only in a few papers in the past. All of these earlier contributions simpli¯ed the LBE in some way to reach an analytically tractable problem.
Luo et. al. gave a general approach for analytical solutions of the linearized LBE [8, 9] , while He et. al. simpli¯ed the problem by considering unidirectional°ows [10] .
In this paper, we simplify the problem in a di®erent way, by¯xing the relaxation time. Although this simpli¯cation has its own limitation, we can step further by deriving a general class of analytical solutions for unidirectional°ows, and we can demonstrate that analytical solutions also exist for non-unidirectional cases.
For unidirectional°ows, it is possible to derive a subset of the analytical LBE solutions that also verify the corresponding Navier-Stokes equations. It is shown that the Poiseuille and the Couette°ow can be obtained from this general solution as partial ones but, e.g., the basic Kolmogorov°ow { which is also a unidirectional°ow and has its own signi¯cance from the theoretical point of view [7] { is not an analytical solution of the LBE. We show that this solution can be obtained in the zero limit of lattice spacing, and that the convergence is second order, as expected from the Chapman-Enskog expansion.
The practical consequences of this analysis are only brie°y discussed here; for details see a companion paper [13] .
The outline of the paper as follows: The LBM is brie°y introduced in Section 2. In Section 3 we focus on the unidirectional problem, and Section 4 presents the results for non-unidirectional°ows. Conclusions are given in Section 5.
The lattice Boltzmann method
Using LBM, one has to cover the geometrical domain simulated by a lattice having certain symmetry properties [4] . One-velocity particle distribution functions are assigned for each lattice link, and usually for each lattice site. The simulation has two subsequent steps: streaming and collision. In the¯rst step, each distribution function moves one lattice site corresponding to its direction. In the second step, a collision operator is applied, which redistributes the distribution functions, taking into account mass, momentum, and (for thermal simulation) energy conservation. The procedure outlined above can be written formally by the lattice Boltzmann equation (LBE) using, e.g., the so-called BGK collision operator:
where f i (r; t) is the particle distribution function, e i is the lattice velocity vector, ½ is the relaxation time which controls the rate of approach to the equilibrium distribution f eq i (r; t), and¯is the lattice spacing and the time step. For a two-dimensional nine-velocity D2Q9 model, [5] the lattice vectors are de¯ned by
sin º i¡9=2 2´i i = 1; 2; 3; 4 i = 5; 6; 7; 8 and the equilibrium distributions can be written as
where the lattice weights are w 0 = 4=9, w i = 1=9 for i=1,2,3,4 and w i = 1=36 for i=5,6,7,8.
The extension of the technique applied here is straightforward for other lattices. The macroscopic quantities{hydrodynamic velocity and density{are calculated by taking the following moments of the distribution functions:
Using the Chapman-Enskog expansion, one can derive the macroscopic equations for a D2Q9 model as follows [11] :
where @ t ² @=@ t , » is the density, u is the hydrodynamic velocity, p is the pressure, and repeated index implies Einstein's summation rule. The kinematic viscosity¸is related to the relaxation time, and can be given by¸= (2½ ¡ 1)¯/6 for this model. These equations look like the incompressible NSE, except for some minor di®erences. For instance, the continuity equation does not show the well-known divergence-free velocity condition. However, if the density variation (¢» /» ) i.e., the compressibility error is small (which corresponds to the low Mach number limit), then these equations lead to the NSE with the error terms given.
In LBM the pressure is given by the equation of state of an ideal gas: p = c 2 s » , where the square of the speed of sound is c 2 s = 1=3 for a D2Q9 model. Since the pressure is directly related to the density, a body force usually drives the°ow in practice. This force transfers the same momentum to the°uid as the pressure gradient: @ p = G . The body force can be introduced into the system, e.g., by adding the following term to the RHS of Eq. (1):
In this paper we do not consider the situation in which the density is changing according to a pressure¯eld (see the comment in Section 4).
The D2Q9 model was improved by introducing the so-called incompressible D2Q9 model [11] . The idea behind this improvement was to calculate the hydrodynamic velocity by the following moment: v = P i f i e i instead of Eq. (3). As a direct consequence, the velocity¯eld will be divergence-free up to the order of the truncation error, i.e., the compressibility error is "eliminated," at least in steady state. It is worth emphasizing that in the incompressible model, the form of the equilibrium distributions does not change signi¯cantly (the density goes into the bracket according to the new de¯nition of the velocity), and from the point of view of the analysis presented here it gives only a minor advantage. Nevertheless, this advantage will be mentioned and clari¯ed later on.
A general class of analytical solutions for unidirectional°ows
As it has been mentioned in the Introduction, Zou et. al. proved that the Couette and Poiseuille°ow are analytical solutions of LBE [6] . They used the special properties of these°ows, and their result is valid in the overall parameter domain of the LBM. Later, He et. al. extended the investigations and proved that one can obtain analytical solutions for simple°ows without considering their special properties [10] .
Fixing the relaxation time, we can step further. When ½ = 1, the LBE (1) can be written as follows:
which means that the distribution functions at r and time t +¯are directly de¯ned by the equilibriums of the neighboring sites. These equilibrium distributions depend on the density and the velocities. If the distribution functions are known at r and t +¯, then the density and velocity can be derived from these distribution functions by the moments (3). Since in steady-state, the density and velocities do not change, one can check whether a solution satis¯es (4), which is the criterion for steady-state analytical solutions. Let us assume an analytical solution for an incompressible°ow with density » 0 in the general form: u ² u (x; y), where the x-axis is parallel to the 1 st lattice link.
Let us substitute the corresponding velocities into the equilibrium distributions of the neighboring lattice sites, of the site at (x; y). According to Eq. (4), after streaming, these distributions become the distribution functions of the site at (x; y). Taking the moments at this site by Eq. (3), one obtains the instantaneous velocity and density, which should be exactly u (x; y) and » 0 if the solution is a steady analytical one. Of course, for the general case discussed here, one obtains a form like » = » 0 + » res , where the residual density » res =0 if and only if the solution is an analytical one. Similar expressions can be written for the velocity components. On the other hand, the expressions obtained for the residuals can form a functional equation system (» res = 0; u ;res = 0), which has to be satis¯ed by any analytical solution of the LBE. The derivation of the general functional system is straightforward. Basically it can be written as
Solutions that verify Eq. (5) are analytical solutions of the LBE. Since an incompressible solution has the same density at each lattice site, one can simply drop the density from the¯rst term of Eq. (5) and from the equilibrium distributions, and rewrite thē rst equation of Eq. (5). Thus, only the velocities appear in the functional system of the density, because the body force does not contribute to the density. Indeed, in 'real' incompressible°ow calculations, the density does not play any crucial role. In LBM, however, this is not the case, since the density and the pressure go hand in hand. We consider the situation here the`clear' one, where the e®ect of the pressure¯eld can be modeled by a body force. An interesting variation is to take into account a physical pressure¯eld expressing the pressure (and consequently the density) by the velocity, according to the Poisson equation, but for simplicity this is not done in this paper.
Since in the case of the standard D2Q9 model, the density is used to calculate the hydrodynamic velocities (see Eq. (3)), one has to concentrate¯rst on the density equation, since it involves the functional equations of the velocities. When one uses the incompressible version of the D2Q9 model [11] , the velocity and the density are decoupled, and accordingly, the above-mentioned problem can be avoided. However, this is only a minor advantage from our point of view, since the major challenge is to satisfy the density equation, which has contributions from each lattice direction contrary to the velocities.
The functional system can be reduced signi¯cantly in the case of unidirectional°ows (i.e., u x ² u x (x; y)), when the°ow is parallel with the 1 st and 3 rd or the 2 nd and 4 th lattice links. Considering, for instance, the case where the°ow goes parallel with the 1 st and 3 rd links, one can show that the residual of the density is always zero. Since we do not have a velocity component in the y direction, the system is reduced to a simple functional equation as follows:
Since, in case of ½ = 1, the viscosity is directly proportional to the lattice spacing, =¯/6, one can obtain
It is not di±cult to show that the Couette (u x (y) = u 0 y with G x = 0) and Poiseuille°o w (u x (y) = u 0 (1 ¡ y 2 ) with G x = 2»¸u 0 ) verify this functional equation. The basic Kolmogorov°ow (u x (y) = cos(y) with G x = »¸cos(y)), however, does not do that. Although a cosine pro¯le can be an analytical solution of the LBE, the body force obtained from Eq. (6) takes the form:
The expansion of the above function shows that one can obtain the analytical body force (»¸cos(y)) only in the limit 6¸=¯! 0, and that the convergence is second order in space (as is expected from the multi-scale expansion).
To obtain analytical solutions that verify both the LBE and NSE, one has to incorporate these equations. Since, for unidirectional°ows, the NSE takes a simple form, the result of the fusion is the following di®erential equation:
Note that the LHS is a simple central-di®erence representation of the RHS. Taylorexpanding the terms of LHS, one obtains
The solution of this equation can be written as
where the coe±cients c j and d k have to be selected according to the boundary conditions, and i is the imaginary number. Obviously, selecting zero coe±cients and setting c 1 =1 gives the Couette°ow; c 0 =1 and c 2 =1 lead to the Poiseuille°ow.
In the next section, we will point out that these are analytical solutions of LBE if and only if the lattice orientation is favorable, or, to be more precise, when one of the main diagonals (e.g., the diagonal corresponds to 1 st and 3 rd links) of the lattice is parallel with the°ow direction.
On the existence of analytical solutions in a general case
While the functional equation becomes easily tractable for unidirectional°ows, in the general case, it is complicated enough. In the general situation, u ² u (x; y), the density has a residual, unlike unidirectional°ows. Therefore, our strategy is to¯rst look for the solutions of the functional equation of the density, since it gives the most di±cult challenge. If we found the class of functions that veri¯es the functional equation of the density, then we could further reduce this class according to the functional equation of the velocities, using the same strategy as for unidirectional°ows.
Taking the Taylor expansion of the terms of the functional equation of the density, one obtains terms with di®erent orders, but at the same position (x; y). Since all terms have to disappear if the solution is analytical, a list of partial di®erential equations can be obtained. These equations should be satis¯ed by the function class we are seeking.
In¯rst order, we have the divergence-free condition dictated by the NSE. (We take into account this condition a priori, although here we focus only on the analytical solution of the LBE, nevertheless keeping in mind the¯nal aim.) It can be used to simplify all subsequent equations.
In second order, one obtains (@ y u y ) 2 + @ y u x @ x u y = 0, or, using the divergence-free
If one stops at this point, the¯rst solution that belongs to the general class can be suggested, e.g., in a form of u y = x + y. Substituting this solution into the second-order equation and solving one obtains u x = ¡ y + f (x), where f is an arbitrary function. We also, however, want to satisfy the divergence-free condition, which results in u x = ¡ (y + x). Indeed, (u x = ¡ (y + x), u y = x + y) is an analytical solution of LBE (although it can not be carried out in practice). It results in a zero residual for the density. Substituting these functions into the functional equations of the velocities shows that the velocity equations are also satis¯ed, as long as the body force is zero in both directions.
Taking another step in the expansion, one can¯nd that the third order term vanishes, but the fourth order terms bring some di±culties:
Without the demand of completeness, we will try to satisfy this equation term by term, i.e.,
where for simplicity we introduced the following functions: h = @ y u y ; a = @ y u x , and b = @ x u y : Using these functions, the second order equation can be rewritten as h 2 = ¡ ab.
Applying the chain rule and the new form of the second order equation, one can factorize the¯rst equation of (11):
In a similar way, one can rewrite the second equation of (11):
Eqs. (12) and (13) can be easily satis¯ed with a function u y = f (y ¡ ix), where f is arbitrary. This function will also cancel out the¯rst term of the third equation of (11). We did not try to¯gure out the conditions related to the second and third terms of that equation.
Proceeding with the expansion, the¯fth-order term again brings an easy challenge:
y @ y u y and solved by integration. The solution of this equation is given by
where f j , (j=1..5) are arbitrary functions.
The above equations show a typical picture, in the sense that the equations for odd higher-order terms are relatively simple, while the even-order equations are much more complicated.
We conclude that a solution in the form u y = f (y ¡ ix) will cancel most of the terms of the density residual up to 5 th order. To avoid the problem arising from the unconsidered higher order terms in the third equation of (11), let us look for a solution in the form u y = (y ¡ ix) 2 . The divergence-free condition leads to
This is again an analytical solution of the LBE, as long as the body forces are de¯ned by
To highlight the di±culties obtaining analytical solutions in this way, consider another test function. Since we have found that the odd-order terms are relatively simple, one probably would try, e.g., u x = i sin(ix ¡ y) and u y = sin(y ¡ ix): Although this test function veri¯es all the equations obtained above, one gets a density residual in 6 th and higher orders terms, which basically re°ects the fact that we try to¯nd a class of solutions from the result of a series expansion. Consequently, to uncover the structures of the functions that can be analytical solutions of the LBE in general, we need to use a formal expansion or to introduce some other ideas, e.g., by using the Poisson equation for the pressure. Using the Poisson equation, we would make an a priori connection between the density and the velocity¯eld at each neighboring site, and it may lead to some simpli¯cations.
Although the analytical results presented here for the general situation do not seem to be practical at all, they highlight some basic properties of the LBM and the weakness of other analytical techniques.
For instance, it is easily proved that the Poiseuille°ow is an analytical solution of LBM (in case of a D2Q9 lattice) if and only if the lattice orientation is favorable. From Eq. (10), one can directly see that a rotation of the lattice results in a 4 th order density variation independent of the boundary conditions applied. On the contrary, based on a linear LBE analysis, one would conclude that an exact solution can be achieved for any inclined Poiseuille°ow (see e.g. Section 3.6 in [12] ), as long as the boundary conditions are implemented properly. It is also worth emphasizing that potentially all steady solutions that have an accuracy higher than second order (e.g., the rotated Poiseuille°ow) can be applied to test boundary conditions a priori, since the degradation of the accuracy can be derived by the technique given here.
Conclusion
A general class of steady-state analytical solutions of the lattice Boltzmann equation and Navier-Stokes equations were derived for unidirectional, two-dimensional°ows. It was proved that the lattice Boltzmann equation has analytical solutions for non-unidirectional°o ws, too, and such solutions were given. The mathematical di±culties arising from the general case were demonstrated. A clear advantage of the analysis presented here over earlier analytical studies is that it could provide a way to obtain a more general class of analytical solutions, while the capabilities of the techniques applied earlier are strictly limited. Direct practical consequences of the analysis regarding the lattice orientation and a priori boundary condition testing were mentioned, and the weakness of the linear LBE analysis was demonstrated.
